The most precise to-date evaluation of the nuclear recoil effect on the n = 1 and n = 2 energy levels of He-like ions is presented in the range Z = 12 − 100. The one-electron recoil contribution is calculated within the framework of the rigorous QED approach to first order in the electron-to-nucleus mass ratio m/M and to all orders in the parameter αZ. The two-electron m/M recoil term is calculated employing the 1/Z perturbation theory. The recoil contribution of the zeroth order in 1/Z is evaluated to all orders in αZ, while the 1/Z term is calculated using the Breit approximation. The recoil corrections of the second and 
INTRODUCTION
Highly charged ions provide a unique opportunity to probe the methods of quantum electrodynamics (QED) in presence of strong electromagnetic fields induced by heavy nuclei. To date, the most stringent tests of the QED effects on the binding energies of heavy few-electron ions are associated with the Lamb shift measurements in hydrogenlike and lithiumlike uranium ions [1] [2] [3] [4] [5] (for the related theory, see Refs. [6, 7] and references therein). However, these results alone are not sufficient for the full-fledged comparison between theory and experiment, especially in view of a systematic discrepancy between the theoretical predictions and experimental data that has been claimed recently for middle-Z heliumlike ions [8] . To date, the most accurate calculation of the n = 1 and n = 2 energies in heliumlike ions was performed in Ref. [9] . Compared to the previous evaluations of the binding energies in He-like ions [10] [11] [12] [13] [14] , the calculation by Artemyev et al. [9] included all two-electron Feynman diagrams up to the second order of the QED perturbation theory in the fine structure constant α without an expansion in the parameter αZ. The theoretical predictions of this work are in agreement with a number of the experimental results (see, e.g., corresponding references and comparison of theory and experiment in Refs. [9, [15] [16] [17] [18] [19] [20] [21] [22] [23] ). However, on the grounds of new sensitive measurements with heliumlike titanium (Z = 22) and a statistical analysis of all the data available in literature, Chantler et al. [8] have claimed that there exists a systematic discrepancy between theory and experiment, which behaves approximately as Z 3 .
Therefore, in addition to new measurements of the transition energies in He-like ions, further improvements of the theoretical predictions are very desirable. With this paper, we start systematic revision and improvement of the calculations presented in Ref. [9] . Namely, we perform the most accurate evaluation of the nuclear recoil corrections to the n = 1 and n = 2 energy levels in
He-like ions in the range Z = 12 − 100.
Relativistic units ( = c = 1) are used in the paper.
BASIC FORMULAS
In this paper the calculations of the nuclear recoil corrections to the binding energies of highly charged He-like ions are performed using perturbation theory in the parameter 1/Z. In the jj cou-pling, the unperturbed wave function can be written as
where ψ k (x) are one-electron Dirac wave functions, P is the permutation operator, (−1) P is the permutation parity, A N is the normalization factor equal to 1/ √ 2 for non-equivalent electrons and to 1/2 for equivalent electrons, J is the total angular momentum, and M J is its projection. In the simplest case of a one-determinant wave function, we have
The fully relativistic theory of the nuclear recoil effect in atoms can be formulated only within the framework of quantum electrodynamics [24] [25] [26] [27] [28] . The recoil effect on the binding energy of a He-like ion is given by a sum of one-electron and two-electron parts. The one-electron part is obtained by summing the one-electron recoil contributions for both electrons. These contributions to first order in the electron-to-nucleus mass ratio m/M, to zeroth order in α, and to all orders in αZ, are conveniently represented by a sum of low-order and higher-order terms, ∆E = ∆E L + ∆E H , where [24] 
Here p = −i∇ is the momentum operator, V (r) = −αZ/r is the Coulomb potential of the nucleus, |a is the Dirac wave function ψ a (x) for the potential V (r), ε a is the corresponding Dirac
is the transverse part of the photon propagator in the Coulomb gauge, α is a vector of the Dirac matrices, and the summation over the repeated indices is implied. In Eq. (4) and below the scalar product is implicit. The low-order term can be derived from the relativistic Breit equation, while the derivation of the higher-order term requires using QED beyond the Breit approximation. For this reason, we refer to them as the non-QED and QED one-electron contributions, respectively.
For the case of a one-determinant wave function constructed from the Dirac bispinors ψ a (x) and ψ b (x), the two-electron recoil contribution to zeroth order in 1/Z is given by [25] 
The transition to the general case of a many-determinant function (1) causes no problem and can be done in the final expression for the energy shift. For quasidegenerate (1s2p 1/2 ) 1 and (1s2p 3/2 ) 1 states one has to construct a matrix H, which plays the role of the Shrödinger-like Hamiltonian acting in the space of the corresponding unperturbed states [29] . The matrix elements of the recoil contribution between the one-determinant wave functions u i and u k with the unperturbed energies
where
The summation over the angular momentum projections with the Clebsch-Gordan coefficients in Eq. (7) in order to obtain the states with the given total angular moment J is also straightforward. The derivation of the formula (7) is similar to the derivation of the expression for the one-photon exchange contribution in the case of quasidegenerate levels, see, e.g., Refs. [9, 29] .
To evaluate the two-electron contributions of the first and higher orders in 1/Z, one can use the effective two-electron recoil operator,
which is obtained as a sum of the low-order one-electron operator (3) and the zero-energy-transfer limit of the expression (6), omitting the term with two D operators, which contributes to the higher orders. The operator (8) can be also derived by reformulating Stone's theory [30] . Within the lowest-order relativistic (Breit) approximation the recoil effect on the binding energy to the first order in m/M can be evaluated by averaging the operator (8) with the wave functions obtained from the Dirac-Coulomb-Breit Hamiltonian. Nowadays, the Hamiltonian H M is widely used in relativistic calculations of the isotope shifts (see, e.g., Refs. [31] [32] [33] [34] [35] [36] [37] [38] and references therein). In the next section, it will be used to evaluate the 1/Z contribution to the recoil effect in the framework of the Breit approximation.
NUMERICAL CALCULATIONS
For the point nucleus case, the low-order one-electron term ∆E L can be evaluated analytically [24] :
where ε is the Dirac energy. The higher-order one-electron (QED) contribution ∆E H was evaluated numerically for point nuclei in Refs. [28, 39, 40] . The formulas (3) and (4) can also be employed for calculations which partially account for the nuclear size correction to the recoil effect. This can be done by replacing the pure Coulomb potential of the nucleus V = −αZ/r with the potential of an extended nucleus. These calculations were carried out for 1s and 2s states in
Refs. [41, 42] . In the present paper, we have performed the corresponding calculations of the lowand higher-order terms for one-electron 1s, 2s, 2p 1/2 , and 2p 3/2 states using the Fermi model for the nuclear charge distribution. The nuclear charge radii were taken from Refs. [43, 44] . The summations over intermediate electron states have been performed using the dual-kinetic-balance finite basis set method [45] with the basis functions constructed from B-splines [46] . The results of the calculations, expressed in terms of the function A(αZ),
are presented in Table I . For 1s and 2s states, the obtained results agree with the previous calculations [41, 42] but have a higher accuracy for heavy ions, especially in case of 2s state. The rigorous treatment of the finite nuclear size correction to the recoil effect is presently accessible only within the framework of the Breit approximation [47] [48] [49] . The correction δA
, which determines the difference between the exact treatment of the nuclear size correction to the low-order recoil effect and its evaluation by formula (3) with the extended nucleus potential [49] , is also shown in Table I . The uncertainty of the total one-electron contribution, presented in the table, is due to the approximate treatment of the nuclear size effect on the QED recoil contribution. It is estimated as a product of the relative value of the corresponding correction within the Breit approximation and the QED term.
To zeroth order in 1/Z, the two-electron recoil contribution is evaluated to all orders in αZ according to formula (6) and its generalization for quasidegenerate states (7). Performing the summation over the angular momentum projections in Eqs. (6) and (7), one can derive the following relation between the two-electron recoil contributions for (1s2p 1/2 ) 0 and (1s2p 1/2 ) 1 states in
The analogous relation takes place for the levels involving 2p 3/2 electron,
In Eqs. (11) and (12), ∆E
denote the corresponding diagonal matrix elements of the operator (7). The two-electron recoil contribution to zeroth order in 1/Z can be divided into two parts: the main part which corresponds to the zero-energy-transfer limit, given by the operator (8), and the frequency-dependent correction, which also incorporates the term with two operators D in Eqs. (6) and (7). The related contributions, expressed in terms of the function A(αZ) defined by equation (10), are presented in the second and third columns of Table II . For the two-electron recoil contribution the αZ expansion for the function A(αZ) reads as
For comparison, in the last column of Table II we list the αZ-expansion results, a 0 + a 2 (αZ) 2 , obtained analytically for the point nucleus case in Ref. [31] . It is surprising that, while the frequencydependent part, which contributes beyond this order, is very significant for heavy ions, the complete αZ-dependent results A (2el) (αZ) are rather close to the αZ-expansion results a 0 + a 2 (αZ) 2 , used in Ref. [9] . In order to illustrate this fact, we present the corrections ∆A (2el) (αZ) to the two-electron recoil contributions for (1s2p 1/2 ) 0 and (1s2p 3/2 ) 2 states and for the off-diagonal matrix element between (1s2p 1/2 ) 1 and (1s2p 3/2 ) 1 states in Figs 
The coefficient a 4 is known analytically for the term with two D operators in the case of (1s 2 )2p 1/2 and (1s 2 )2p 3/2 states in Li-like ions [39, 40] . We note that in Ref. [40] , due to a misprint, the co- (11) and (12) . We note that even for Z = 50 the term a 4 (αZ) 4 provides the dominant correction. For instance, the total two-electron recoil contribution for (1s2p 1/2 ) 0 level evaluated using the αZ expansion up to the order (αZ) 6 m 2 /M equals to −0.07285, while the all-order value is −0.07282. Nevertheless, the αZ-expansion results play only a supporting role in the present consideration to zeroth order in 1/Z, since the complete αZ-dependent calculation is performed.
The recoil contribution of the first order in 1/Z has been calculated by perturbation theory within the lowest-order relativistic approximation using the operator (8) and the standard expression for the interelectronic-interaction operator valid to this order. This operator being the sum of the Coulomb and Breit electron-electron interaction operators reads as
where the indices i and j enumerate the atomic electrons. The summations over intermediate electron states, which are restricted to the positive-energy part of the Dirac spectrum, have been performed using the DKB finite basis set method with the basis functions constructed from Bsplines. The results of the calculations, expressed in terms of the function B(αZ),
are presented in Table IV . For comparison, we present also the nonrelativistic results corresponding to the limit B(0) and the difference between the relativistic and nonrelativistic data. The nonrelativistic values were obtained using the 1/Z-expansion coefficients from Refs. [10, 50, 51] . evaluated within the Breit approximation. The specific mass shift was calculated employing the 1/Z-expansion coefficients from Ref. [10] . These corrections, which are very small, have been added to the total low-order results presented below.
In Table V we present the total values of the nuclear recoil contributions to the binding and ionization energies in He-like ions in the range Z = 12 − 100. The results for the ionization energies are obtained by subtracting the recoil contributions for the 1s state from the total nuclear recoil contributions to the binding energies. In Table V finite nuclear size effect on the one-electron QED recoil contribution. This uncertainty is estimated as described above. The second uncertainty is due to uncalculated QED recoil corrections of the first order in 1/Z. It was estimated as a sum of the one-electron QED correction divided by Z and the relativistic recoil correction of the 1/Z order (the last column in Table IV ) multiplied by a factor αZ. For comparison, we give also the values of the recoil effect on the ionization energies obtained in Ref. [9] . Compared to Ref. [9] , our calculations include a more accurate treatment of the one-electron recoil contribution, the complete αZ-dependent calculation of the two-electron recoil contribution of zeroth order in 1/Z, and the calculation of the relativistic correction to the 1/Z recoil term. In contrast to Ref. [9] , we indicate explicitly the uncertainties of the total results.
It can be seen that in the region Z ≤ 40, where the systematic discrepancy between theory and experiment was announced [8] , the obtained results coincide with those from Ref. [9] almost to all indicated digits. Some differences between the present results and those from Ref. [9] , which occur for heavy ions, are much smaller than the total theoretical uncertainties of the ionization energies given in Ref. [9] .
CONCLUSION
In this paper we have evaluated the nuclear recoil effect on the binding energies in highly charged He-like ions. The calculations included the m/M one-electron recoil contribution in the framework of the rigorous QED formalism and the two-electron recoil contribution within the framework of the Breit approximation, with taking into account the frequency-dependent correction to zeroth order in 1/Z. The estimated uncertainties are due to the approximate treatment of the finite nuclear size correction to the QED recoil effect and uncalculated QED recoil corrections of the first order in 1/Z. The obtained results agree with the previous calculations [9] but have a better accuracy. Thus, the recoil effect can not be responsible for the discrepancy between theory and experiment claimed in Ref. [8] .
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